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'111\\ \1/ Il\u alo mass. | subsequent papers in this series,
i at.the.mass. . ..
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ﬁhut they-see interesti
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pagagme u\ regulating mn“\b ize. In Section 4, we discuss the
mthé maﬂp [ 7& predictors commonly
and empir lul models. We summarize our

'F‘Fl semi-analytic
ep c 1&[1“ hout this work, we define haloes as

the Uni-

wperties and

lhc\t‘ halo

\phcrlc;ll overdensities of 200 times the critical density of
z =0, with pgie = 126.08 M, kpc
radius and mass as Ryj, and M,;;, respectively.

verse at ’, and denote halo virial

How:they did it:

In this section, we present the details of our controlled simulation
ite. We descr and maqliya hoices of halo parameters
Simulation: GIZMO-

2.1), \umnhmu the numerical code GIZMO and the FIRE-3 galaxy-

GalaXypr eﬁcmlptronw lRE_*S

and outline llu andlysis tools used iff this work (Section 2.

in our models (Section

2.1 Halo parameters and simulation setups

Tlh\é focus nélé lmpl Lg In \ l” amgters (é“‘”.l\\ 'F
yqu 10“ 11‘\ cldc an;Q
several reasons. First galaxies is

100 billion: .Meg“‘fuafﬁ::;amm

] et al. 2024). Second, characterizing galaxy sizes is

eun . Thou gh that is considered

stable disc galaxies b&n to emerge at approximately this halo mass
sma\u f\or‘ hal\oesll 2025). Third, although more
massive haloes (~ “M,) can also host stable discs, the influence
of accreting supermassive black holes is, in principle, non-negligible
at those masses, while a proper treatment of such effects is not yet
fully captured by current subgrid prescriptions.

That said, we have have verified with a set of test simulations span-
ning different halo masses that our models approximately reproduce
key scaling relations, such as the stellar mass—halo mass relation, and
exhibit the strongest cusp—core transitions in the halo mass regime
characteristic of—and consistent with
Hl\l: 2 simulations (Lazar et al. 2020).
hCYparameters \.lllul in our simulations are defined as follows.

ll. o concentration is defined as <The[¥ V\afl‘c
> D

radius at which the logarithmic density sfope equals =
H arg init ICA d and fittedgusing
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e pacKed in the Halo C,

(1 + x1/2)2B.5-a)

those found in cosmological
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t_[)d\xl Zhao 1[)[) profile
lOﬂ ddditional degree

where x = r/r, with r. a scale radius defining the concentration

¢ = Ryir/rc. The parameter a specifies the asymptotic inner density

slope as r — 0, and p is characteristic density related to the virial
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2.2 Overview of the GIZMO code and the FIRE-3 physics
NSAL putm med uxmwG,I MO ( ur\m\ 015), amulti-
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1uh uc 1111 -mass (MFM) mode. Grav, Imnﬁﬁou are com-
hyd hydrodynamics code
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et 23) i
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or gas cooling, heating, an Gas cooling and heating

( Spl'ingcl

processes are modeled over a wide temperature range, from 10 to
10'0 K, including approximate treatments of self-shielding of dense

IRE=, "me&‘l%ﬁ;tﬁé‘@%t‘m €9,

\\um Qa ul al %H :Ehém'uluw l . um bre am]‘llcd
QB\JD d € &euha ures

Star, f 013111011 occurs in ax\ that is locally, wll gravitating (Hop-
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than ng, = 1000 cm™ . Once these conditions are met, stars lmm with
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well' as when'stars are born:
and.when supernova.occut. . .

photoelectric heating from young stars are also modeled.

3 Simulation analysis

We developed a custom analysis pipeline for this simulation suite,
built primarily on PYNBODY (Pontzen et al. 2013), while incorporating

selected routines and conventions from GizmoAnalysis (Wetzel &
(hllll\nll Kimmel 2020) and YT (Turk et al.

rotate 1lquan \ltfg”i:‘he“@f.ﬁe@ima s and

oordinate fram®So 111'11 the z axis aligns with the direction

3 ch parameter they vse " |
somethi r&@fﬁ‘&ﬂk‘ﬂ a.response.

2

)11). For each snapshot,

e lhlLLFIm ne Mdldh 11[ masg u& , '1/2.%» as the main
%1“(\)[ (Qée iz el uwhw‘l hc half-mass radius of

al\ apd cold gas with temperature 7 < 10* K, I which we
termines how sensitive an

To guantitatively chayacterize the impact of halo parameters on

% éllllﬁu 0)1(‘.{6.1«[1“1 (0] (\3L surface model

RS]\I Tyers et al. 2016) to y = logry/a % .1\ a function of the four
halo parameters. We adopt the predictors log 2, log 4, log fi,, and
s1, and standardize each predictor uy using its midpoint uy o and
half-range Auy via zx = (ug — ur.0)/Aug, where zx € [—1,1]. The
response surface is then modeled as

t/)'u+Z/,)’M T/\+Z/)'1./l :%JrZ/)’,,:,:,. (9)
k k i<j

< We opt for this morphology-independent metric instead of a disk scale
radius because galaxies at this mass scale do not always form stable discs.

The simple half-mass radius allows us to robustly characterize the overall

spatial extent of the system regardless of whether it is discy, a spheroidal, or

irregular.
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controlled simulation

1“this section, we preseri |

suite to examine how galaxy size responds to systematic variations

in halo structural parameters and baryon fraction at fixed halo mass.

We begin with 3 qu: Imm\e overview based on projected density and
@L(

w a rat Qu’ﬁmn

trends across the Iul] paramr grid using a quadratic response-

A,\‘u then quantify these

surface method to identify the dominant effects (Section 3.2). As a
Llllll])[ClIlLllI‘ll\ a]\pm.lch we also employ a random-forest regressor

to 1\ V si‘n ()blnelo parameters regulating
arying

L‘.ll Xy size (SL

parameter the other three
3.1 Galaxy sl/L upder v lrmtml 01 lml( parameters
et at a

are 5

Figs. 1-4 p[L\L]ll t ar surface duml\ 69lllhulmn\ as well as
«‘AV 1e maps for a set of simulations where only one halo

1e ste

pare umlu 18 nu’icd while the others are fixed at the fiducial values
(Table 1). Overlaid on these maps are three reference radii: 2 percent
of the virial radius, 0.02Ry;;, the half-stellar-mass radius r/3 4, and
the half-mass radius of stars and cold gas ry/2 s+cg-

In general, our simulations yield a median r , . of 1.65 kpc with
the 16th and 84th percentiles being 0.63 kpc and 3.66 kpc respec-
tively. Reassurigf¥ Rl‘cl’cm;wc ITM@NHH; relation of
ripx = 0.02R; prithfaiRgeatter abQ.2 def (KVISOV 2013; Somerville
et al. 2018), corresponds to a median of 1.92 kpc and a range of 1.21
to 3.04 kpc at this halo mass, comparable to the range spanned by our

s tedyg é es. Hm he cmaticyariations fn h: x\llmluu
H h rh g (é sp dl\uxllg t
Increasing the halo spjn,leads to a clear growth in gdla\\ size,
A\@I'Lzeﬂ Qr “’theu is particularly pronounced for the
cold-baryon half-mass radius, 71/ 4 icas W hldl increasgs by nearly a

IlHowever\[notxmhﬂeap Q!'n( )hllws()\ In

contrast, the stellar half-mass radius, r /2 «, grd®s more moderately

ar ujf h f@ nb
agrees with some fiterature.

consks#nt with the theoretical expectations of Mo et al. (1998); how-

ever, they already indicate that galaxy size does not \CillC linearly

& reyagit this point infSecti

hal concentration grpglu

C —

higher ¢, yieldihg systeglatically smaller discs, as shown in Fig.

with halo spin.

Increasing th opposite trend, with

R
This effect is gc‘]]c“hl”\ more pronounced for the cold-baryon ]mlf—
mass radiys, ry/» H an fort Ll] chalf-rpass radjug, 71 />

th (‘]ghé«nm Ou& 'EFQ ilon.ld'-\
deeper 1nto l gravitationgl ]mlum.\l amn be seen from the tem-

~emaller: galaxy diske

> We caution that our simulation suite is a uniform experimental design
rather than a cosmological sample, so the percentiles should be interpreted as
coverage of the explored parameter space rather than the intrinsic population
scatter at fixed halo mass.
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Table 2. Summary of complementary importance proxies used to quantify the
dependence of the stellar half-mass radius, /3 4, on the four halo parameters
Pearson’s R ife
and r1/2, % across
direction of the m~m| Thg quadratig rgsponse-surface modej RSN)) provides
two conditic luant ‘]veL Ilreaultaolm >d from
a joint (linea u + quadratic) \mmuun—!\]m}\ test for each parameter, and a
total-effect erﬂll mbetrhm}\h\ t that additionally
includes all pz mxggu \ction 1um~ involving that parameter (definitions
and HC ,\—m\( reac d{éﬁ uf\ )\nr\l (RF)
entries repo r‘ég&r‘l Lb\ ch ﬁ gﬂx \s Lo unity
across the fou

r parameters); ye list four RF estimatc MDI, ont-of-fold
permuts uwnmeanalu ||919\eﬁ|x@""'r f

importance proxy 1 S| v
Pearson R 0.49 +0.35 0.44 +0.20
RSM main-effect partial R>  0.463  0.477  0.492  0.033

RSM total-effect partial R> 0.579  0.523  0.544  0.210

RF MDI 0.303 0.241 0.267 0.188
RF permutation (OOF) 0.389 0.231 0.200 0.180
RF permutation (OOB) 0.395 0.235 0.193 0.178
RF SHAP 0.372 0.245 0.255 0.128

The Halo concentration, iner
density apa;::md halo spin ..
prepgnt _ap moderatg_halo spin valges 0. 06). Only at the

'ﬂ h ﬂeaf\b GVHOF hon\ hereas
af the lowest spin yalues galaxy size decrgagses monotpnically, with
the ne‘xf page o0 they think

This Inh A\ 101 is IHU\ trated™more clearly in 1—1" r\ which visue lll/u

heir-papameters-are

pairs of h L|U parameters¥at a time. The parameter spaces spanned
u&d?ti{ m] parameters ¢z, 51, and A exhibit nearly linear
radients, indica mn“ that the effects of individual parameters can,

bar: fraction
|1\u¢ he |Q«Iy~bnu\ln q
NLORTS u\ 4\ Orongul hisp hehg >an
&pn nl Ff\‘éréntlt x r\d .ﬁ.d
>, s1p and | lln «h]nm nge gn«l\aug qn f; is generally non-
behﬂ\ﬂl Or w hCh the ition and spin on
alaxy \h/k becomes significantly stry 1<'u at higher baryon fractions

aUt Or'ﬁ tof UnK\\ ar @nllxa\ modulates

how sensitively galaxy size In\pﬂllkl\ to Im]u structure, rather than

fractionto-the other
pacameters.as.a senaitivity.
controlling parameter,

we train .1111 mborest reg f 2001) to pre-

hotable exception

raction f,, where

dict the stellar half-mass radius ry /5 » from the four halo parameters
(c2, 51,4, fi,) with sklearn (Pedregosaetal. 2011). Here our goal is
not an optimal predictive model, but an importance ranking that is in-
sensitive to the quadratic functional assumption in Section 3.2. After
fvunmnnnﬂ with multiple importance estimators (Appendix B),

“al&ouvemﬁed hein . iscon

sistentl & most 1n|m|11 itive ]muxlm of galaxy size, with a rela-

rte t \u e ific metric,
111&?”\]‘11?‘ ilc mu ulx g M\Q\m e

€ umm butions
t 0 ’[L 259 “ 1\\'(1 by the baryon fraction f;,, which scores ~0.15.
ea‘ nL ees the importance metrics and scores discussed

gl nqrh th mn between each parameter
ull siidlati®n satple; with the sign indicating the

gy size regul
Rank of parametér importance:’
'hnc'bhlcl?nmwgl toﬂuum ation stands out as the primary

size regulato the Spin parameter.

2. Spm
5015[1&96\
T hough“some of theirmetrice o

els that predlict galaxy size from halo properties and examine how

@Ionltfhadl*etv' galaxy size affect the performance of these

size predictors.
’ . .
be;tila sDb&@U O Bisited
4.1.1 Comparison with the Mo98 model
The classical, djsc-formatic 1 model of,Mo et al. (1998) (M098) pre-
oﬂed] hiﬂgm 0 tlcthe tl oml&llll\ and
spin of the host halo, Whder the assumption lh 1t the baryons forming

)Cﬂmgape heAm XIQ 6|}299m as

the halo ant 1n a fraction of luring formation. In this

“they' get'frrom varying
“dif ferent parameters, to'"’
litecatore that believe that
/Jthemsizes are governed by’

ir and jq = Jg/4vir denote the mass and angular

my =M,
mnt 036 parlame elrap its host halo, respec-

tively. The factor f,

characterizes the energy structure of the halo and
is defined as the ratio of the halo’s binding energy to that of a singular
isothermal sphere of the same mass. The factor fz accounts for the
contraction of the halo in response to the gravitational potential of
the disc.

The original M098 formula assumes that haloes follow an NFW
profile. Here, our simulations adopt the DZ profile in order to allow
explicit control over the inner density slope. To enable a fair compar-

ison, we therefore adapt the Mo98 mmhl to DZ haloes and compute
1 predicted stellar half-mass radius r I:\ for each simulation. In
practice, this entails computing the lu tors f. and fg factors using
the DZ profil

lated galaxies, strictly following their original definitions based on

e, and measuring jq and mgy directly from the simu-

the stellar mass and stellar angular momentum. Details of our imple-
mentation of the M098 model for DZ haloes, as well as validation
tests, are provided in ‘\ppcmh\ C.

'['h\ left panel of Fig. 7 compares the Mo98-predicted sizes,

1 \\ he, \t d “ wed in the simula-
1<»n~ éjpu model puﬁaun\ exhibita !I‘.n‘ systematic offset
prea qtéml ngx{h 1t r iésndtl typically
un prezicts'em: 9 () ym this system-
atic offset, however, the yngdel re 1«»duum u_u\lm ll&]\ llm.n
~compared to simulations by
Coloyg-coding individual galagdes by Lln angular nentum re-
telam% torMOFIISmUQ e_\ﬁt 1thed values

well below unity, \pumm“ a \\ldx range from ~ 0.01 to < 1, witha

wasoumption that ga wXHMQvZ'e
the Mo98 size prédictions after artificially r

osting the ntion fac-

“‘I'QCﬁteﬁ“Wi th&sP‘ ne npen triangles in Fig. 7. This

hoc correction brings the predicted sizes into close agreement with

:'
9

the one-to-one relation. The failure of the simple angular-momentum
retention assumption is expected if star-forming gas is preferentially
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Figure 5. Galaxy size (half \lnnerl dens!tﬂuélppﬁmn 1l paramete \HQI»?\«\? ;\xmrn\n Points represent individual simulation results,

coloured by a secondary parameter ( f;, or ¢, as indicated). Thin, colour-matched lines connect simulations in which only the horizontal-axis quantity is varied
, with error bars and the light-grey bands indicating

while all other parameters are fixed. Connected grey symbols show the mean stellar half-mass radius, r| »

the 1o scatter. The symbol positions are slightly offset horizontally to improve visual clarity The black dashed curve shows the mean prediction of the best-fit

quadratic response-surface model (RSM), obtained by varying the parameter of interest \\]n\c fixing all others at their midpoint values. Pearson correlation

coefficients, R, and the corresponding p-values are quoted

drawn from the low-angular-momentum tail of the gas distribution factor (1 + z)7"*. More recently, analyses of large-box cosmolog-
and if stellar feedback redistributes angular momentum. icgl simulations have {v\\n that, even at fixed mass and redshift,
) -~
The results -here show similar

025a,b). This | iises the question of whether the concentration de-

4.1.2 Comparison with simple empirical size predictors dep eﬂ 0, 04 q S
ﬂuI an imprint of t ce ow eo eelntpatlen

| 1e halo structure 1tse
Jiang et al. ( “ll‘)ul

a J19) found that galaxy spin (and hepce size) is i N asured stellar half
*J;\aw o1 [u@ th ]12 911 1'n6t@ad1] zoom-in 99?6)‘6 \h‘g ]thqt t“ ” 1L | § L] )1 .1 |
simulation®They propose d an empirical, concentration-based size “11 o & o 48, Sur l“‘lllf“ o

S Lt Uy € C C (
vses a halo concentration dependence must. come £

> 4 02(1 +2) %2 (cp/1Q) " Ry (12) cgntragion does m»l n‘Hlm a cosmological env mamn[ l\ll m\tbui
eca( ng Mode antecnal.dynamics.and.,
atosdhe u}\ndulu n halo concentration was introduced #m \“H“/“lt‘llm\

or‘ma lon phyialﬁa;u sured half-mass radii

In thisre
in part to account for the strong redshift-dependence of the ratio be
tween galaxy size and halo virial radius seen in their cosmological
simulations — because the concentration itself evolves with mass and

redshift and naturally introduces an implicit redshift dependence )
y Because the J19 relation depends explicitly on halo concentration and our

J19 noted that the Mo98 formalism also contains a concentration : .
) ) ) simulations suite samples three discrete values of concentration, the predicted

i e Vi actor f.. B 5 X aker
dependence via the factor f.. But this dependence is much weaker sizes populate three narrow bands. A small amount of scatter is present
Moreover, the redshift dependence of the concentration alone cannot because the tareet values of ¢, = 3. 10, and 20 are those measured after the
fully explain the redshift dependence of 12 x/Rvir seen in the simu- initial relaxation stage. These values were achieved through trial and error

lations, motivating the introduction of the additional redshift scaling and cannot be matched exactly to the intended targets
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galaxy size regulators 11
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Figure 6. Galaxy size (half \1aOﬂce!ntralthﬂl halo struc 15.l\QPJez\-x\ and baryon fraction, as predicted by the response-surface model fitted

to our simulation results. In each panel spanning a pair of parameters, the remaining two parameters are held fixed at their midpoint values. The halo structural
parameters exhibit largely additive behavior, reflected by quasi-parallel contours. In contrast, panels involving the baryon fraction show non-separable responses,
with the fi,—A plane displaying the strongest covariance. This indicates that the baryon fraction modulates the sensitivity of galaxy size to variations in halo

structure

to snﬂtéktﬁ@ﬁel n?\éx.ngbwilmu‘ch 5cdtt\ér Fig. "‘.L]ll~llllil?k‘\ the impact nl' ‘dvllmng the 3:.:11.'1.\) Ufin;\' stars

alone versus stars plus cold gas. The half-mass radius of the cold

n {:he Plotﬁ on the next P 3 baryonic component is systematically larger than the stellar-only ra-
e OVE H tfend, » ‘

Both simple em 1l models successfully captu |L dius, although the offset is modest compared to the full scatter of

hm‘the au Oﬂﬁ\lﬁondUde” t wide range the sample. This definition-dependent difference affects the perfor-
colour-coding by the other guantity reveals dependence on the mance of the Mo98 model, in which the predicted disc sca lmlppcmlx
UHCona'Jerl'n [au é arameters explicitly on the angular-momentum retention factor, f; = m
We therefore conclude that an accur m\u iption for galaxy,size G‘alux 9(2@5 dpe”‘not\td{Wd elnmmn
mtoge«thEﬁutﬁtlpfeftt mllmporltantLIL most systems ¥ well below the j4 = my relation. Wheh cold gas
on sy Sagle paramete - defined- the same-in models or

cating more efficient angular-momentum retention. This behavior is

Llllaﬁmullat‘onel ‘[6omethi‘n t10[\1|! of a disc

galaxy’s angular momentum resides in the cold™gaseous component

(e Consldeﬁ_’.). As a result, the radii p]uilulml by the Mo98
A practical but often under-emphasized issue in size modeling is that model increase, and the agreement with the measured sizes improves
size definitions are not unique. Analytic disc models such as Mo98 modestly when the galaxy is defined to include both stars and cold

4.2 The impact of the galaxy definition

are formulated for baryonic discs (stars plus cold gas), whereas many oas.

simulation and observational comparisons focus on stellar-only size

measurements. Cold or neutral gas discs are usually thinner and more

extended than their stellar counterparts: ne;n'lw_\ H 1 surveys find that Keg([lakeawags:

the ratio of H1 to optical size is typically > 1-2 (e.g. Broeils & Rhee
997). Simulations likewise produce neutr: xI 1s discs that extended In this paper, we have used a suite of controlled, idealized galaxy

beyond the stellar body (e.g. Marinacci et 'I ). simulations to isolate how dark-matter halo structural parame
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trends, they leave substantial scatter at fixed concentration or spin, indicating that additional parameters are required to explain the full diversity.

ters and the initial baryonic mass fraction regulate galaxy size at physics within virialized haloes. However, the large scatter in rj /2 4
fixe, 1ln mass, Myir = )'' M. We have run and analyzed 132 at fixed ¢, underscores the limitations of single-parameter size pre-
“]a”b‘|‘ mﬁUmmaRg 0‘ concen- scriptions and highlights the need to account for additional halo prop-

ation ¢3, inner (lLI]\ll\ slo s1, spin A, and baryon fraction f;. T\ such spin, inngr s tzuu lwn\mbunl nt. Similarly, a
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import: l[lf‘l anking that requires additional mode ]mﬂ

n‘;p.lmlmllu rgndom-forest feature-
i9gest.pre ictor. o mgqla%y arameterd pendenfbu&s'zew

informative predictor of galaxy size ry 5 4. Halo spin A provides the the galaxy as stars plus co d pas K) will systematicall
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ml still significant influence. The baryon fraction f; I‘Id\\ a dMlml consistent with the expectation that cold gas discs are more extended.
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We further revisited widely used analytic and empirical size pre- . . ) ) : 3 :
including substructure driven by feedback, such as clumps, cavities,
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Want toknow the nitty gritty about...

APPENDIX A: QUADRATIC RESPONSE-SURFACE
ANALYSIS

A1l Fitting overview

In this Appendix we summarize the technical details of the quadratic
response-surface model used in Section 3.2. For each simulation in
the M,;; = 10'! M, grid we consider four halo predictors: concentra-
tion ¢;, spin parameter A, baryon fraction f;,, and inner-slope proxy
s1. We work with transformed variables that reflect their natural scal-
ing: log ¢,, log 4, and log f;, are used, while s, is kept on its original
(linear) scale. For each transformed predictor u; we choose a refer-
ence value uy o (the midpoint of the sampled range) and a half-range
Auy, and define a dimensionless standardized coordinate
Up — U0

k= —, Al
k Aty (A1)

so that zx ~ =1 and +1 correspond to the low and high settings in the

.. Thig'ie how. they fitted the [/

shmﬁn y. annns of T’Uﬂnd‘tﬁﬁ plc@lzdmb the q:igﬁt\u
“rways they quantified the
- effects of - each parameter.+

i<j

where f is the intercept, 3  are the local linear slopes, 3, x describe
curvature in each direction, §;; encode pairwise interactions, and &
denotes the residuals. With four predictors this model contains 15
coeflicients including the intercept. The chosen coding has the useful
property that B represents the mean log ry /> 4 at the midpoints of the
design, while the S| x quantify the first-order sensitivity of galaxy
size to each halo parameter around this reference point.

We estimate the coefficients by ordinary least squares (OLS), treat-
ing the simulation grid as a fixed experimental design. However,
we do not rely on the usual OLS formula for uncertainties. Stan-
dard residual tests applied to an initial (non-robust) fit reveal sig-
nificant departures from homoskedasticity: both the Breusch—Pagan
and White tests reject the hypothesis of constant residual variance.
In this regime we adopt the HC3 heteroskedasticity-consistent co-
variance estimator as implemented in statsmodels. HC3 down-
weights high-leverage points more strongly than simpler corrections
(HCO/HC1) and yields more conservative small-sample inference.
Throughout the paper we therefore quote OLS point estimates for
the coefficients, but base all ¢- and F-tests, confidence intervals, and
derived uncertainties on the HC3 covariance matrix. The design is
well-conditioned: variance-inflation factors for all regression terms
are close to unity (VIF < 1.3), indicating that collinearity among the
standardized predictors is not a concern.

For the full N = 132 sample at M,;, = 10" Mg, the quadratic
respogse surface provides a good global description of the size
respgfi\e. The coefficient of determination is R?> =~ 0.80 (ad-
~ (.78), with an overall F-statistic Fi4, 117 =~ 36.4 and
10%%. The root-mean-square residual in log ry /2 « is = 0.37,
toa 1o scatter of ~ 0.16 dex, or a multiplicative factor
sical radius. Only a handful of runs have large studen-
tized residuals or are flagged as influential by Cook’s-distance and
leverage thresholds. Re-fitting the model after removing these high-
influence cases increases R” to =~ 0.86 and leaves the main-effect
curves unchanged within uncertainties, indicating that our conclu-
sions are not sensitive to a small subset of outlying realisations.

MNRAS 000, 1-16 (2026)

A2 Importance proxies from coefficient-block tests

Table 2 reports two importance proxies derived from the response-
surface model. Both are based on joint Wald tests on blocks of
coeflicients using the HC3 covariance matrix. For a block test with
statistic F, numerator degrees of freedom d, and residual degrees of
freedom v, we convert the result into an effect-size proxy on a 0-1
scale via

’ dF

[—)m'liu] = m (A3)
This quantity is closely related to the “partial 7> used in analysis-of-
variance settings; in our context it provides a convenient, approximate
measure of the additional (conditional) variance explained by the
tested block given the rest of the model. Because it is conditional on
the other terms in the regression, it is not additive across factors and
should be interpreted comparatively.

For the main-effect proxy we test the joint contributf
and quadratic terms of each factor, (81 k,S2.x) (d =
large and highly significant partial R? values §r ¢
=~ 0.46-0.49 with prp <« 1079), and a much sr .
value for f; (partial R> =~ 0.03 with pr =~ 0. r the total-effect
proxy we expand the tested block to include the Mhear and quadratic
terms plus all interactions involving the factor (Tive coefficients in
total; d = 5). In this case, ¢2, A, and 5| remain in a high-importance
tier (partial R? =~ 0.52-0.58), while the importance of f; increases
substantially (partial R> ~ 0.21) owing to its coupling with spin. This
is consistent with Fig.6, where the (fi,, 1) panel shows the clearest
non-separable behavior.

n of the linear
). This yields
and s (all
n-significant

APPENDIX B: RANDOM-FOREST TRAINING AND
FEATURE-IMPORTANCE DEFINITIONS

B1 Model setup and global hyper-parameter tuning

We model the mapping from halo parameters to galaxy size using
a random-forest regressor (RF; Breiman 2001). Each RF consists
of an ensemble of decision trees trained on bootstrap resamples
of the training set, and predictions are obtained by averaging over
trees. Because tree-based models are invariant to monotonic feature
rescalings and do not require feature standardization, we train directly
on the physical input parameters (c2, 51, 4, fp).

We select the RF hyper-parameters with a single global
GridSearchCV pass on the full N = 132 sample, using 5-fold CV
and the negative mean-squared error as the scoring function. The

“Thig'is details behind their
nest € {30 ()QO 80041000, 1209, 1500}

mamcpté m)ne Legfg\'ng teChnquGS
min_samples_leaf € {1,2,3,5},

max_features € {sqrt, 1.0}.

The best-performing configuration is

nest = 1000,
max_depth = 10,
min_samples_leaf = 1,
max_features = sqrt.
with bootstrap sampling enabled and oob_score=True. These
hyper-parameters are then held fixed for all subsequent resampling

experiments to avoid confounding the stability of feature importances
with repeated re-tuning.
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We quantify feature importance using four complementary estimator’s

that probe different notions of “importance”

Mean decrease in impurity (MDI). We use the standard
impurity-based importance returned by the RF implementa-
tion, which measures the average reduction in within-node
variance attributable to each feature, accumulated over all
splits and trees.
(ii) Out-of-fold (OOF) permutation importance. For each CV
s )T[The&guug@ Four dif 1{:@[1‘&@”’@111‘&1 er-
rog, MSE. a4, then mndnml}‘\puImuu a single feature column
) id mpm’@anaemuestﬂmatora cfifynd

The ptlmul ation importance is the per-

luate MSE '’
for HeL ma(Chwhne earnlng
I pP‘O&CW“HM

averaged over repeated shuffles. This estimator directly mea-

(B1)

sures how much predictive accuracy is lost when the informa-
tion in x; is destroyed out of sample.
(iii

Out-of-bag (OOB) permutation importance. For each tree
in the forest, we identify its OOB subset (samples not included
in the bootstrap draw for that tree). We compute a baseline

OOB error for that tree, then permute feature x; within the

OOB subset and recompute the error. The per-tree degradation

is averaged over trees (and repeated permutations) to obtain

an OOB-based permutation importance. Compared to OOF
permutation, this avoids using the held-out validation fold and
instead exploits the bootstrap structure of the RF.

(iv) SHAP-based global importance. We compute Shapley-style
additive explanations (SHAP) for tree ensembles using a Tree-
Explainer approach (e.g. Lundberg & Lee 2017). For each split

we summarise global importance by the mean absolute SHAP

il

which measures the typical magnitude of the feature’s con-

value of each feature over the validation fold,

tribution to the model output.

Because these estimators live on different scales (and permutation
scores can occasionally be slightly negative in finite samples), we
convert each split-level importance vector into a normalised score
that is comparable within a method:

. max(/;,0)

Ii=— E K (B2)
d > max (I, 0)

so that Y, Iy = 1 for each estimator and split.

15

-resulting hierarchy

~the mean of /; over the 100
composite RF importance as
wsmalised estimators (MDI, OOF
w SHAP) for each split, followed

scores show a stable ordering

\
fo '-\\»n\ixlenll) least important.
hk stability: ¢» is ranked first in
is almost always ranked last. The
{"and s, varies mildly with the estimator
whereas MDI/SHAP

. g . . .
rtigating our conservative conclusion that they

ietrics tend to favour A,

~rmediate tier.

APPENDIX C: TRANSPLANTING THE MO98
FORMALISM TO THE DEKEL-ZHAO HALO PROFILE

C1 A root-finding solver for the Mo98 disc scale length

(1998,
Mo098) assumes that a fraction mq of the halo virial mass M,;, settles

The classical disc-formation model of Mo et al. hereafter

into a rotationally supported exponential disc and retains a fraction
jq of the halo angular momentum.’

R )

Ry’
and the disc angular momentum for a given circular-velocity curve
Ve(R) is

The disc surface density is
1[&

27R;

2(R) = exp My = mg My, (C1)

Ja(Ry) = E,T/ S(R) V.(R; Ry) R*dR
0

= M4Ry / e "u"Vv,
JO

where u = R/R4. The target angular momentum is Jg = jqJy, with the

ﬂ&hgme@hoden theyvsed:-tomatch
(Mo98 eq. 9)

the | r’lp et al. I998‘19alax9 size
f‘eéxu Jy=2 (C3)

|En|1/2
Writing the halo total energy in the standard form

(uRg; Rq) du

. | s o8 GMZ, / 2 _ GMyi -
“h = — =% Jh Myir V. = — hs i ( )
2 T 2Ry 7 Ry
one can rewrite eq. (C3) as
B
In = A Myir RyisViey [ - (C5)
/Iw
For an NFW halo, Mo98 give Ey, = —(GMZ /2Ryi) fo (Mo98
eq. 22), with
cl=(1+c)2=2In(1+c)/(1+c) .
fe(c) = - (C6)
- [c/(1+¢)—=In(1+¢)]"
(Mo098 eq. 23), where c is the concentration.
In the main text we often use the retention factor f; = jq/myq.

MNRAS 000, 1-16 (2026)



16 G. Sun et al.

In M098 the disc scale length is obtained by rewriting the condi-
tion Jg = jgJy, into a fixed-point form (their egs. 28-29) and iterat-
ing. However, the iterative scheme is not essential: for any specified
initial halo profile (NFW in M098; DZ in our work), the adiabatic-
contraction calculation always starts from the same unperturbed halo,
so the mapping Ryq +— J4(Ry) is deterministic. One may therefore
solve for R, directly as a one-dimensional root-finding problem,
F(Ra) = Ja(Ra) — jaJn =0, (C7)
where J4(Ry4) is evaluated by direct numerical integration of eq. (C2).

Evaluating V. (R; Ry) follows M098: the halo responds adiabati-
cally to the slow assembly of the disc, conserving rM(r) for each
shell,
ri Mi(ri) =r Mg(r), (C8)
where M;(r) is the initial halo enclosed mass profile, and
My(r) = (1 —mqg) M;(r;). (C9)

My(r) = Ma(r) + My(r),

The cumulative mass of an exponential disc is (M098 eq. 26)
uTheimethods they used to 1
nmatch-the Mo et al. 1998

S ) : 5 My (r)

" galaxy ‘size results part 2 '
v\|Iérétlt‘a}la(&elbldégarbsltlon

V2(r) = 22 [l Ko ) - K1),

.
= —, (C12
y Ry ( )

where 7, and K,, are modified Bessel functions. In practice, eq. (C7)
can be solved robustly with a bracketing method (e.g. Brent’s algo-
rithm), and is typically fast on modern hardware while being con-
ceptually more transparent than an explicit fixed-point iteration.

C2 Dekel-Zhao haloes: M (r) and fpz

To transplant the Mo98 machinery to a Dekel-Zhao (DZ) halo (Fre-
undlich et al. 2020), only two halo-specific ingredients are required:
(i) the initial enclosed mass profile M;(r) entering the adiabatic-
contraction step (eq. C8); and (ii) the energy factor f; entering the
spin—angular-momentum conversion (eq. C5).

The DZ density profile is (Freundlich et al. 2020, eq. 11)

De R
p(r) = /— X =
L

xa “ + \|,»)7<,m—ut

1]

14
r

(C13)

with inner-slope parameter a and concentration c. It is convenient to
define the compact variable
172 cl2
x(x) = ———, Xe = x(¢) = —7. (C14)
1 +x1/2 1 +cl/2

Then the enclosed mass takes the simple closed form

6-2a
M;(r):M\i,,(i) A (C15)
X

For the total energy, we define the DZ analogue of the NFW energy
factor by

"

I
ER\\..I-I for(a,e) = =3 foz(a,c) My V2. (C16)

Assuming circular orbits for the virialised halo and using the virial
theorem, one obtains
2(3 —a)c
12-4a
Xec

Eh57

foz(a,c) = B(xc;10-4a,3), (C17)
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where B(z; p, g) is the (unnormalised) incomplete beta function,

B(z:p,q) = / P =T ar, (C18)
0

and the integral converges for the parameter range relevant here (in
particular a < 2.5 so that p = 10 — 4a > 0).

Withegs. (C15) and (C17), the Mo98 procedure carries over verba-
tim: in the contraction step, replace the NFW M; (r) by the DZ mass
profile; in the spin conversion, replace f.(c¢) by fpz(a, c). The disc
scale length Ry is then obtained by solving lhc same root condition,
eq. (C7).

This paper has been typeset from a TEX/IXTEX file prepared by the author.

(Tayde Willingham aka me!)



